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Abstract. The linear multiplicative programming problem minimizes a product of two (positive) 
variables subject to linear inequality constraints. In this paper, we show NP-hardness of linear 
multiplicative programming problems and related problems. 
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1. Introduction 

In this note, we consider the following problems: 

(Pl) m (P3) 
minimize 2 1 x2 minimize 21 - l/22 maximize l/xl + l/z2 
subject to Aa: 5 b, subject to AZ 5 b, subject to AZ 5 b, 

wherez = (21,x2,... , zd) is a d-dimensional real-valued vector and the feasible 
region R = {Z E Rd ) AZ 5 b} satisfies the condition that for any feasible vector 
x’ E R, ~‘1, XL > 0. Problem Pl is called a linear multiplicative programming 
problem. The above problems arise in many application settings, see the survey [S] 
and the forthcoming book [9]. For solving the above problems, there exist many 
algorithms [ 1,4-7,10,11,13- 151. In the recent paper [ 121, Pardalos and Vavasis asked 
the question whether linear multiplicative programming problems are polynomially 
solvable or not. The purpose of this paper is to show NP-hardness of Problems Pl, 
P2 and P3. 

In [ 121, Pardalos and Vavasis proved that the following quadratic concave 
optimization problem is NP-hard: 

(P4) minimize 21 - Z; 
subject to Ax 5 b. 

We will begin the next section by refining on the proof of NP-hardness of P4 
described in [12].0ur new proof offers the key to main results. 
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2. Preliminaries 

As a beginning, we will examine how to calculate the square of a number. Given a 
vector x E [0, lln and a positive integer numberp, the value pxl + p2x2 + p3x3 + 
. . . + pnz, is denoted by [x]~. For any vector x E [0, l]“, the square of [xlP is 
obtained by the equation: 

n n 

( [xlp)2 = c c pi+jxixcj. 
i=l j=l 

Now, we describe a method to approximate ( [xC]~)~ by a linear inequality system. 
When i # j, we replace the term xixj by a variable yij satisfying linear inequalities: 

WYijIl, YijIXi, yijsxj, yij2zi+xj-1. 

For all i, we replace xixi by a variable yii satisfying: 

yii = xi. 

By using y variables, the square of [xlP is approximated by: 

(1) 

(2) 

n 

Ii& 
pi+jyij. 

i=l j=l 

Linear inequalities (1) imply that if either xi or xj is O-l valued, then yij = 
xixj. The equality (2) implies that xi E [0, l] is O-l valued if and only if yii = 
xixi. So, for any O-l valued vector x, the equality ([x]~)~ = Cy=r Cy=, pisjyij 
holds. However, if a given vector x E [0, lln is not O-l valued, the equality 
does not hold in general. Now we consider the difference between ([x]~)~ and 
Cy=t Cyz, pi+jyyij, when x is not O-l valued. 

THEOREM 2.1. Let x E R” and y E Rnxn be a pair of vectors satisfying: 

O<XiIl ($or all i), 
0 I Yij I 1 vor all i, j), 
YijIXi, YijIXj, yijkG+xj- 1 vor all i, j such that i # j), (3) 

$/ii = Xi (for all i) . 

Assume that p is a positive integel; x is not O-l valued and there exists a positive 
value 0 < E < l/2 satisfying that each element xi is either xi = 0,l or E < xi < 
1 - E. Then the inequality CyzI Cy=, pi+jyij - ( [x]*)~ > p2e/2 - pn2 holds. 

Proof. Let k be the largest index satisfying 0 < xk < 1. For any index i > k, xi 
is O-l valued and so yij = xix:j for all j. Then we have the following inequalities; 
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ZZ 

= 

= 

2 

= 

> 

y-- y-; pi+$Jcj + c cpi+iyij 
i=k+l j=l 

i=l j=k+l i=k+l j=k+l 

i=k+l j=l 

+ 5 2 pi+i,izi + 2 2 p+i,.zi _ 2 2pi+ixixi 

i=l j=k+l i=k+l j=k+l i=l j=l 

k k k k 
C C pi+i yii - 7; x pi+ixixi 
i=l jzl i=l j=l 

p2”yki, - (pzk(& +p21E-‘(k2 - 1)) 
p2’(xk - (xk)2) - p2”-‘(ii2 - 1) 
p2(xk - (xk)2) - pn2 2 p2&/2 - pn2. 

The above theorem says that when p is sufficiently large, the vector x E [0, lln 
is O-l valued if and only if CrZl Cy’, pi+‘yii - ( [x]~)~ is non-positive. This 
result gives an idea to show NP-hardness of Problem P4. To show NP-hardness of 
Problem P4, we have to transform an NP-complete problem to the decision version 
of P4. Here we use the following NP-complete problem. 

SET PARTITION [2,3] 

INSTANCE : An m x n O-l matrix M satisfying n > m. 

QUESTION : Is there a O-l vector x satisfying Mx = 1 ? (Here, 1 denotes the 
all one vector.) 

Then, it is natural to consider the following problem: 

(P4(M)) minimize CrXl c$Yl pi+iyij - (Cy=l P~x~)~ 
subject to (3) and Mx = 1, 

where M is an m x n O-l matrix with n > m. Clearly, when the equality system 
Mx = 1 has a O-l valued solution, the optimal value of the above problem is less 
than or equal to zero. We will discuss the case that Mx = 1 does not have any 
O-l valued solution. The feasible region of Problem P4(M), denoted by C?(M), 
is a bounded polytope. The number of constraints of Problem P4(M) is equal to 
n + n2 + 4(n2 - n) + n + m and so the number of constraints is less than n3, 
when n > 5. Let (x’, y’) be a vertex of the polytope O(M). Since each coefficient 
of constraints is - 1, 0 or 1, Cramer’s rule implies that each element of (x’, y’) is 
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O-l valued or contained in the interval [1/(n3)“‘, 1 - 1/(n3)“‘]. This observation 
implies the following property. 

THEOREM 2.2. Let M be an m x n O-l matrix with n > m and n 2 5. Assume 
thatp = n n4. The equality system Mx = I has a O-l valued solution if and only 
if the optimal value of Problem P4(M) is non-positive. When Mx = I does not 
have any O-1 valued solution, the optimal value of P4(M) is greater than p. 

Proof. If Mx = 1 has a O-l valued solution, it is clear that the optimal value 
of Problem P4(M) is non-positive. 

We consider the case that Mx = 1 does not have any O-l valued solution. For 
any vertex (x’, y’) of the polytope Q(M), each element of (x’, y’) is O-l valued 
or contained in the interval [ l/ (n3)1L3, 1 - l/ (n3)n3]. Since Mx = I does not have 
any O-l valued solution, x’ is not O-l valued. Lemma 2.1 implies that: 

F f-pi+‘y;j - (2 i ! 2 p XJ > p2/(2(n3)“3) - pn2 = p(n”4/(2n3”3) - n2) > p. 
ix1 j=l i=l 

For any feasible solution (x, y) of P4(M), (x, y) is represented by a convex combi- 
nation of vertices of n(M) . Since the objective function of P4(M) is concave, every 
feasible solution (z, y) satisfy the inequality Cr=i C,“=, pisjyij - (Cy=t pi~i)2 > 
P- n 

From the above, we can decide the answer to SET PARTITION by solving Problem 
P4(M). The input size of the largest coefficient appearing in P4(M) is [log(p2”)] + 
1 = [log(n”4)2n] + 1 = [2n5 log n] + 1, and so the input size of Problem P4(M) 
is bounded by a polynomial of n. It implies that Problem P4 is NP-hard. 

We can extend the above result to a more general global optimization prob- 
lem. 

COROLLARY 2.3. Let n be a positive integer with n 2 5 and we use p for nn4. 
Assume that g(xo, yy~) is a function satisfying the conditions that: 

(1) ‘~JSO E [O, WI, VYO E [O, n2p2n], ifvo - xi I 0 then 9(x0, YO) I 0, 

(2) VXO E [O, 41, VYO E 10, n2p2n], ifvo - x$ > p then 9(x0, YO) > 0. 

Given an m x n O-l matrix M with n > m and n 1 5, we define the problem: 

(Pg(M)) minimize g(xo, yo) 
subject to (3) and Mx = 1, 

x0 = -& PiXi, 

Then, the optimal value of Pg(M) is non-positive if and only if the equality system 
Mx = I has a O-l valued solution. 
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3. Main Results 

First, we show NP-hardness of Problem Pl. We consider the special function: 

91 (x0, yo) = (yo - p + 2p4y2 - 4p4nx; - 4psn 
= (yyo - p + 2p4” + 2p2”xo)(yrJ - p + 2p4n - 2p2”x:o) - 4psn 

where p = n n4 and n 2 5. We can show that gr (xc, ye) satisfies the conditions in 
Corollary 2.3 as follows. 

(1) If (x0, ye) satisfies x0 E [0, np”], yo 2 0 and yc - xi 5 0, then 

91 (x0, YO) I (Yo - Pj2 + 2(YO - P>2P4” + 4psn - 4P4nYo - 4psn 
< (yo - p)2 - 4p4n+* < (yo)2 + p2 - 4p4n+l 
5 (~0)~ + p2 - 4p4n+1 5 n4p4” + p2 - 4p4n+1 5 0. 

(2) If (~0, yo) satisfies yo - xi > p and yo 2 0, then 

91 (x0, yo) > (5; + 2p4n)2 - 4p4nx; - 4p*n = x;t 2 0. 

From the above, we can show NP-hardness of the problem: 

(Pl (M)) minimize 21 .zz 
subject to (3) and Mx = 1, 

x0 = c;=* pi,& 
YO = CL I& Pi+jYij, 
Zl = (yo - p + 2p4n + 2p2nxO), 
Z2 = (yo - p + 2p4n - 2p2”xc). 

Corollary 2.3 implies that the optimal value of Problem Pi(M) is less than or equal 
to 4p 8n if and only if Mx = 1 has a O-l valued solution. So, we have shown the 
following theorem. 

THEOREM 3.1. Problem Pf is NP-hard. 
Proof. When we solve Problem Pi(M), we can decide the answer to SET 

PARTITION. The largest coefficient appearing in Pi(M) is 2~~~ = 2(nn4)4n = 
2n4n5 and the threshold value is 4psn = 4(nn4)8n = 4nsn5. Thus, the input size 
of Problem Pi(M) and the input size of the threshold value are bounded by a 
polynomial of n. Clearly, Problem Pi(M) is a special case of Pl and so we have 
the desired result. R 

Here we note that for any feasible solution of Pl (M), both zi > 0 and 22 > 0 hold. 
Since p is large enough, zi > 0 is clear. For the variable 22, 

z2 > -p -I- 2+ - 2p2nnpn = -p + 2p4” - 2np3n 

and assumptions n 2 5 and p = nn4 imply the property ~2 > 0. 
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Next, we consider Problem P2. Given three positive values zr,z2 and a, ~1.552 5 
u2 if and only if ~1 - a2/z2 5 0. So, we decide the answer to SET PARTITION 
by solving the problem: 

(P2(2M)) minimize ~1 - l/xj 
subject to constraints of Problem Pl(kf), 

z3 = z2/(@"). 

It is clear that the optimal value of P2(M) is non-positive if and only if the equality 
system Mx = 1 has a O-l valued solution. So, we have shown the following 
theorem. 

THEOREM 3.2. Problem P2 is NP-hard. 

Lastly, we consider ProblemP3. Given three positive values ~1, ~2 and a, ~1~2 5 u2 
if and only if l/(21 + u) + l/(z2 + u) > l/u. Thus, we can decide the answer to 
SET PARTITION by solving the problem: 

(P3(M)) maximize l/z4 + l/z5 
subject to constraints of Problem Pi(M), 

x4 = Zl + 2p4n, 
z5 =.Q+zp% 

Clearly, the optimal value of P3(1M) is greater than or equal to 1/2p4” if and only 
if the equality system iUx = 1 has a O-l valued solution. So, we obtained the 
following. 

THEOREM 3.3. Problem P3 is NP-hard. 
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